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B o u n d a r y - v a l u e  p r o b l e m s  fo r  s y s t e m s  of  equa t ions  d e s c r i b i n g  s t e a d y  f lows  of a n o n l i n e a r  
v i s c o e l a s t i c  f lu id  a r e  r e d u c e d  to v a r i a t i o n a l  p r o b l e m s .  

w  N o n l i n e a r  V i s c o e l a s t i c  F l u i d s  

The  s t r e s s e d  s t a t e  in  a n o n l i n e a r  v i s c o e l a s t i c  f lu id  i s  d e t e r m i n e d  by the  s t r a i n  h i s t o r y .  In a r e a s o n -  
a b l y  g e n e r a l  s i t u a t i o n  the  s t r e s s  t e n s o r  cr a t  t i m e  t in  an  i n c o m p r e s s i b l e  n o n l i n e a r  v i s c o e l a s t i c  f lu id  tha t  i s  
l s o t r o p i e  in  the  u n d e f o r m e d  s t a t e  i s  d e t e r m i n e d  by  the e x p r e s s i o n  [1] 

(t) = - p t  + ~ [E (t - s)]. (l) 
s = 0  

H e r e  p i s  the  h y d r o s t a t i c  p r e s s u r e ;  I i s  the  uni t  t e n s o r ;  and F i s  a n  i s o t r o p i c  s y m m e t r i c  n o n l i n e a r  t e n s o r  
f unc t i ona l  of the  t e n s o r  func t ion  E(t  - s) ,  wh ich  i s  a m e a s u r e  of the  s t r a i n  f r o m  the  t i m e  t to the  t i m e  t - s. 
Th i s  func t ion  has  the  f o r m  [2] 

Ox~ Ox~ 
Eq  (t - -  s) -- OX~ OX~ 6is, (2) 

w h e r e  x I and • a r e  the  C a r t e s i a n  c o o r d i n a t e s  of the  po in t  a t  wh ich  cr i s  d e t e r m i n e d  a t  the  t i m e s  t and t - s ,  
r e s p e c t i v e l y ;  and 5ij  r e p r e s e n t s  the  c o m p o n e n t s  of the  uni t  t e n s o r .  

F o r  s t r a i n  p r o c e s s e s  tha t  a r e  s m o o t h  in  the  n e i g h b o r h o o d  of the  point  t the  t e n s o r  func t ion  E can  be  
f o r m a l l y  expanded  in  a T a y l o r  s e r i e s  in  the  n e i g h b o r h o o d  of the  poin t  s = 0: 

E( t  - - s )  = - - IE  ( - 1 P + ~ s "  n! B~, (3) 

w h e r e  

[ do ~ (t - ~)] 
B,  ----- ( - -1)  "+1 [ ds ~ is=0 " 

The  e l e m e n t s  of the  t e n s o r  B n : (B~j)) have  the  f o r m  

B~]) = a~, 
Ox i 

B(.~.+') = ~ B~7) + oh OB~7) 
" Ot Ox~ 

Ov i 

+ axe' 

Ov ~ .. Ovs 
S ~  ) - - 2 - -  B~2. 

OX m OXra 

(4) 

H e r e  the  v i a r e  the  c o m p o n e n t s  of the  p a r t i c l e  v e l o c i t y  v e c t o r  of the  m e d i u m  a t  t i m e  t. 

I t  i s  c l e a r  t ha t  a c e r t a i n  r e g i o n  0 ~ s _< s I a l w a y s  e x i s t s  in which  the  s e r i e s  (3) c o n v e r g e s .  F o r  r e a l  
m a t e r i a l s  the  func t i ona l  F has  the  p r o p e r t y  of d i m i n i s h i n g  m e m o r y .  Th i s  m e a n s  that  the  s t r a i n s  of the  
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m e d i u m  in the r e c e n t  pas t  exe r t  a g r e a t e r  inf luence  on the p re sen t  s t r e s s  magni tude  than do s t r a i n s  in the 
d i s t an t  past .  

Consequent ly ,  fo r  m a n y  m a t e r i a l s  and in many  s i tua t ions ,  in p a r t i c u l a r  the c a s e s  of t h e r m o p l a s t i c  
p o l y m e r s  at  high t e m p e r a t u r e s  and dilute p o l y m e r  so lu t ions ,  the s t r e s s  t en so r  in the med ium is d e t e r -  
mined ma in ly  by the behav io r  of the funct ion  E(t - s) in the ne ighborhood of s = 0, i .e . ,  by the f i r s t  t e r m s  
of the s e r i e s  (3). 

Subst i tu t ing (3) into the funct ional  F, we a r r i v e  at  the e x p r e s s i o n  

c; -~ - - p I  + Q [B 1, B2, Ba . . . .  ], (5) 

in which Q is a s y m m e t r i c  t e n s o r  funct ion of B i (i = 1, 2, 3, . . . ). 
b 

If we a s s u m e  that  the funct ion  Q is a po lynomia l  in the t e n s o r s  Bi, we can invoke the t h e o r e m  on 
the t r a n s f o r m a t i o n  of m a t r i x  po lynomia l s  [3] to r e d u c e  Q to canonica l  f o r m  fo r  a v e r y  b road  c l a s s  of  s t eady  
f lows of the f luids in quest ion.  

It t u rns  out in the f inal  a n a l y s i s  that  for  m a n y  f lows the equat ion of s ta te  (1) is equivalent  to the e x -  
p r e s s i o n  

(~ = - - p I  + % B 1 + ~2 B~ + % B v (6) 

in which the ~i a r e  funct ions  of i nva r i an t s  of the t e n s o r s  B 1 and B~. 

The r e p r e s e n t a t i o n  (6) of r e l a t i on  (1) is exac t  f o r  c e r t a i n  s t eady  f lows,  such  as  s imp le  s h e a r  [2], 
Couette ,  Po i seu i l l e ,  and ge ne ra l  r e c t i l i n e a r  [4] f lows,  f lows gene ra t ed  by the ro ta t ion  of bodies  of r e v o l u -  
t ion [5], and he l icoida l  f low [6]. F o r  s o m e  f lows,  such  as  r e c t i l i n e a r  flow in an a r b i t r a r y  c y l i n d r i c a l  tube,  
the t r a n s i t i o n  f r o m  e x p r e s s i o n  (1) to r e l a t i o n  (6) i ncu r s  a v e r y  s l ight  e r r o r  [7]. We sha l l  take for  g ran ted ,  
t h e r e f o r e ,  that  the equat ion of s ta te  of the given m e d i u m  is d e s c r i b e d  by r e l a t i on  (6). 

It is ea s i ly  ve r i f i ed  that  the equat ion of s ta te  (6) admi t s  the ex i s t ence  of a potent ial  funct ion �9 d e -  
pending on inva r i an t s  of the t e n s o r s  B 1 and B2, such  that  

a(1) (7) 
~ j  + p6~j = ~ j  = aB~---~), 

Hence it fo l lows that  the funct ions  ~i and 

d[~ (12) 2 13 dr2 (12) + 2  17 d• (12) 
% - -  d I  2 + ~ d l  2 d I  2 

+~ = L (tO; +~ = f3 ( I0 ;  

1 1 
r = y fl (r~) + -5- Ia s (I2) + 17 f~ (I0, 

can be r e p r e s e n t e d  in the f o r m  

(8) 

(9) 

w h e r e  

I2 = "ik~ ~ki~(')', I3 = B[] ) "]~(') "ki,~('" I7 = B~]' B}~'. 

The funct ions  df t (I2) / dlx, f2 (I~), and fa (Iz), can  be d e t e r m i n e d  expe r imen ta l ly .  The dependence  df 1 (I2)/dI 2 
is  found f r o m  v i s c o s i m e t r i e  t es t s .  The funct ion  f2(I2) can  be d e t e r m i n e d  f r o m  the s e c o n d a r y  d i f f e rence  b e -  
tween  the n o r m a l  s t r e s s e s  in f lows c lose  to s imp le  s h e a r  flow [8], and me thods  fo r  the d e t e r m i n a t i o n  of 
f3 (12) a r e  d e s c r i b e d  in [5]. 

w  V a r i a t i o n a l  P r o b l e m s  A s s o c i a t e d  w i t h  t h e  M o t i o n  

o f  N o n l i n e a r  V i s c o e l a s t i c  F l u i d s  

The  so lu t ions  of the mot ion  p r o b l e m s  fo r  the inves t iga ted  media  r educe  to the in t eg ra t ion  of equa-  
t ions  in the v e c t o r  ve loc i ty  funct ion v, which a r e  obtained by subs t i tu t ion  of the equat ion of s ta te  (6) into 
the se t  of s t r e s s  equat ions  of mot ion;  fo r  s t a t i o n a r y  p r o c e s s e s ,  neg lec t ing  ine r t i a l  t e r m s ,  these  equat ions  
have the f o r m  

0%i 
ax i -~- F i = 0. (10) 

Here  the F i a r e  the componen t s  of the v o l u m e t r i c  f o r c e  vec to r .  
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In view of the incompress ib i l i ty  of the medium the vector  function v must  a lso sat isfy the equation 

divv = O. (11) 

The boundary conditions have the fo rm 

v =  0 on Sx, (12) 

r = N, on S. (13) 

Here S t ~ So; S 0is the boundary of the given f lowdomain~ ;  S = S 0 "< St; a ij(v) is a function describing the 
components of the s t r e s s  tensor  for the velocity vec tor  function v, i.e., atj(v) can be regarded as the val -  
ue of a cer ta in  nonlinear operator  on the vector  function v [this operator  is determined by Eqs. (6) and 
(4)]; nj is the cosine of the angle between the normal  to the surface and the j- th coordinate axis; and the N i 
a re  functions specified on S. 

Consequently, on the motionless surface S1 bounding the given flow domain the velocity of the fluid 
is set  equal to zero,  and on the res t  of the surface (on S) it is given by the distr ibution of the components 
N i of the surface forces  N. We assume that N i ~ C(S) and F i ~ C(a). 

We now consider  the minimizat ion problem for the functional 

~ S 

(14) 

Here 4, is given by relat ion (9). The braces  in (14) signify that the t e rm 0~/OB!2. ) is determined by solving 
the given problem and is not varied.  11 

More precise ly ,  we state the following problem: in the class  B of all admissible  vector  functions, 
i.e., among solenoidal vector  functions continuous in S2 together with their partial  derivatives through 
third order  and zero-valued on $1, find the vector  function that minimizes  the functional (14). Clearly,  B 
is a l inear manifold. 

Let v minimize the functional {14); we analyze the value of the functional for the vector  function v 
+ ah,  where oz is a number.and h is any vector  function f rom the admissible  class.  

Now 

for all  ~. 

The functions fi(Iz) (i = 1, 2, 3) a re  assumed to be continuous on the semiaxis  [0, ~) together with 
their  f i r s t -  and second-order  derivatives.  Then the derivat ive (d/d~),I~(v + ~h) exists. For  given vector  
functions v and E the express ion ~(v + c~h) may be regarded as a function of ~. Inasmuch as this function 
is minimized for ~ = 0, at the lat ter  point its derivat ive with respec t  to a is zero,  i.e., 

d - - ~ ' ~  fi ~N~h~dS ~F~h~ (16) [~-s (v+ah)] '~ - 'B  ('' = ~ (v) (h) d~ -- 2 -- 2 dQ = O. 
tz=O f2 S ~ 

Here B!l. ) (h) r epresen t s  the components of the s t ra in  rate  vector  for the vector  function h; and rij(~) 
1j 

r ep resen t s  the components of the s t r e s s  deviator for the vector  v. 

Recognizing that d i v h  = 0 and taking relat ion (4) and the Ostrogradski i  equation into account, we 
t r ans fo rm the f i r s t  t e r m  in (16): 

= 2 o ~ Ti~ (~) BI] ) (h) d~ ~ r (v) B~] ) (-h) dQ = .f ~xj (~i~ (v)h~) d.Q 

~ h i d Q = 2  f hi~i,(v)njdS--2 I O~iJ(v) h~ d~. 
g~ S ~2 

07) 
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Subst i tut ing the r e s u l t i n g  e x p r e s s i o n  into r e l a t i o n  (16), we find 

dxj 
9. S 

Since the l a t t e r  equa t ion  m u s t  be val id  fo r  any  v e c t o r  funct ion in c l a s s  B, we can,  in pa r t i cu l a r ,  
choose  h" equal  to z e r o  on 8, whereupon  we have 

(18) 

Ox~-- + F~ d~Q ~- O. (19) 

Re l a t i on  (19) holds f o r  any v e c t o r  funct ion  h c  13 that  van i shes  on S. We now show tha t  this  s i tua t ion  
is  poss ib le  only if v sa t i s f i e s  the s y s t e m  of d i f fe ren t ia l  equat ions  

a ~ ( ~  + ~ = 0 (~ = ~, 2, 3). (20) 
0xj 

We p roceed  by a s s u m i n g  the opposi te ,  denot ing by R the v e c t o r  funct ion defined by the componen t s  

0~j  (Y) Ri - Ox~ + Fi" Then,  s ince  v E B, the funct ion R will  a s s u m e  nonze ro  va lues ,  if not  over  the en t i r e  

domain  ~ ,  then a t  l eas t  on s o m e  se t  ~1 ~ ~2 having n o n z e r o  m e a s u r e .  If we c o n s t r u c t  a v e c t o r  funct ion 
E B, z e r o - v a l u e d  on So, such  that  the d i r e c t i o n  R co inc ides  with the d i r e c t i o n  of h at  e v e r y  point of ~2 

in which  R is nonvanishing,  we have 

~-Rf~d~ = S ( Oa~j(v) (21) Oxj § Fi ) h~ d~ > O, 

which con t r ad i c t s  Eq. (19). Consequent ly ,  a l l  that  r e m a i n s  is to p rove  that  such  a v e c t o r  funct ion  h does 
exist .  The v e c t o r  funct ion we seek,  h = (hi, h2, ha) , can  be cons t ruc t ed  f r o m  the r e l a t i ons  

hi h a 
-~z = [1 (xl, Xz, Xs); h-~ = [2 (xa, x~, xa), (22) 

Oh 1 Oh,~ Oh 3 
oxl + + = o, (23) 

= 0 on S o. (24) 

H e r e  fl(xl, x2, xa) and f2(xl, x2, xa) a r e  c e r t a i n  t r i p l e s  of cont inuous ly  d i f fe ren t iab le  funct ions  defined a t  
e v e r y  point x = (xl, x 2, x 3) ~ ~ by the d i r e c t i o n  of the v e c t o r  funct ion R. 

Once the va lues  of h 1 and h 3 have been  d e t e r m i n e d  f r o m  Eqs.  (22) and subst i tu ted  into (23), we can  
v e r i f y  that  p rob l e m  (22)-(24) is equivalent  to the fol lowing:  

0 Oh 2 +.~0 (25) 

h 2 = 0  on S o . (26) 

If the b o u n d a r y  S O of the domain  ~2 is suf f ic ien t ly  smooth ,  it can  be speci f ied  in the p a r a m e t r i c  f o r m  

x ~ = x  k(t:, t~) ( k = l ,  2, 3), (27) 

so  as  to make  the r i gh t -hand  s ides  of these  equat ions  cont inuous and have cont inuous  f i r s t - o r d e r  de r i v a t i v e s  
in a c e r t a i n  domain  D of the t w o - d i m e n s i o n a l  space  (tl, t2). 

Then our  p r o b l e m  r e d u c e s  to the d e t e r m i n a t i o n  of an  in teg ra l  s u r f a c e  for  (25) conta in ing  the fol lowing 
t w o - d i m e n s i o n a l  manifold:  

x n = x  k(t 1, t~), h 2 = h  2(xn(tl, t,_,)) ---- 0 ( k = l ,  2, 3). (28) 

If the d e t e r m i n a n t  
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A =  

fl 1 :2 

Oxl Ox.. Ox~ 
Ot~ Oq at~ 
Oxx Ox~ ax~ 
at~ ot~ at~ 

(29) 

has a nonzero value on the manifold (28), then a solution exists for the problem (25), (28) [9]. 

Therefore ,  given fa i r ly  general  assumptions regard ing  the boundary of the analyzed domain, the 
vector  function v minimizing the functional (14) in c lass  B satisfies the sys tem of differential equations 
(20). 

Now f rom relat ions (18) we have 

S ( ~  (~) n j _  N~) h~dS = O. (30) 
S 

Hence it follows that the vec tor  function v sat isf ies  the boundary conditions (13), as otherwise,  con- 
s t ruct ing a vector  function h~ B such that the direct ion o f t  coincides at  every  point of S with the d i r ec -  
tion of the vec tor  defined by the components U i = (rij(v) nj - Ni, we a r r ive  by analogy with the foregoing 
discuss ion at an inequality that contradicts  Eq. (30). 

We can consolidate the resul ts  to now in the fo rm of a theorem. 

THEOREM. Under the above-s ta ted conditions, if a vector  function vE B minimizes  the functional 
(14) in c lass  B, then v sat isf ies  the sys tem of equilibrium differential equations in the velocity components 
(20) and the boundary condition (13). 

Thus, the solution of the motion problem for a nonlinear v iscoelas t ic  fluid, i.e., the solution of the 
sys t em of equations (20) and (11) subject  to the boundary conditions (12) and (13), reduces  to searching for 
an ext remal  point of the functional (14) in c lass  B. It follows f rom the theorem that the boundary conditions 
(13) are  natural ,  so that there  need not be special  concern  for the sat isfact ion of condition (13) in solving 
the variat ional  problem by the Ritz method. 

Note that the desired vec tor  function v is determined as the limit in a cer ta in  met r ic  of a minimizing 
sequence {Vn} formed f rom elements  of class  B [provided that this sequence converges ,  i.e., v n -~ v, and 
that lira r = ~(v)] [10, 11], and it can turn out that this limit has poorer  differential proper t ies  than a 

vec tor  function of c lass  B. In this case we call v a  general ized solution of the problem (20), (11), (12), 
(13). 

w  R e c t i l i n e a r  M o t i o n  o f  a N o n l i n e a r  V i s c o e l a s t i c  

F l u i d  f o r  a N o n u n i f o r m  T e m p e r a t u r e  D i s t r i b u t i o n  

We now investigate a nonisothermal  flow of a nonlinear v iscoelas t ic  fluid in an a r b i t r a r y  cylindrical  
duct. We introduce a motionless  Car tes ian  coordinate sys tem (xl, x2, x3) in such a way that the x 3 axis 
is paral lel  to the genera t r ix  of the cylinder. We assume that the flow process  is s teady and is directed 
along the axis of the duct. We assume,  fur ther ,  that the t empera tu re  T in the medium depends only on the 
coordinates  x I and x2, i.e., that 

V = V (x .  x2), (3t) 

where the function T(xl, x2) is considered to be known and continuously differentiable in the domain of the 
cylinder c ross  section, ~. We also say that the components of the velocity vector  a re  determined by the 
express ions  

v a~-v(x 1, x~); v l = v  2 = 0 .  (32) 

In the general  case of the s t ra in  of a nonlinear v iscoelas t ic  fluid under conditions of a nonuniform 
tempera tu re  distribution, the s t r e s s  tensor  in the medium is determined,  co r r ec t  to the hydrostat ic  p r e s -  
sure,  by the s t ra in  and t empera tu re  h is tory  [12]. By vir tue of relat ions (31) and (32) the t empera tu re  of 
points in the fluid remains  constant at t imes preceding the present.  Then the s t r e s s  tensor  in the fluid 
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is de te rmined  at eve ry  point of the domain of the cyl inder  c r o s s  sect ion,  ~2, by re la t ion  (1); only the func-  
t ional F is de te rmined  by the t e m p e r a t u r e  of the med ium a t  a point, i .e . ,  F is an a b s t r a c t  function of the 
numer i ca l  a rgumen t  T, and we denote it by F T. Now, by analogy with re la t ion  (1), we have the following 
exp re s s ion  for  the s t r e s s  tensor:  

As in [4], we can v e r i f y  that the s t r e s s e s  a t  eve ry  point a r e  de te rmined  by the exp re s s ion  

cr = - -  p I  + Cpi.T(I~) B 1 + ~2,r(I~) B~ + %.r ([~) B~, (34) 

in which the ~Oi,T(I2) a r e  functions of the invar iant  12 and a t  eve ry  point of f~ a r e  de te rmined  by the value of 

T cor responding  to the function cPi,T(I2). Thus, the functions ~Oi,T(I 2) can be t rea ted  as  a b s t r a c t  functions 

of the a rgument  T, i .e . ,  t he re  is a s soc ia ted  with e v e r y  value of T a numer ica l  function of the a rgumen t  12. 
The functions ~Oi,T(I2) de te rmine  numer ica l  functions of the a rguments  12 and T, namely  r T), in such 

a way that  q~i,q(}) = ~oi(~ , q) for  any values  of } and q f r o m  the ha l f - s t r i p  A (0 -< ~ < ~; a -< q _< b), where  

a =  rain T(x:, x2); b =  max T(x 1, x~). (35) 
(xt,xD~ (x~,x~)~- 

The functions ~0i(Iz, T) c h a r a c t e r i z e  the p rope r t i e s  of the m a t e r i a l  in s t r a in  a t  a constant  t e m p e r a -  
tu re  T. In the given prob lem,  the re fo re ,  the equation of s ta te  of the fluid reduces  to the f o r m  

r = - -  p[ + tp: (I  v T) B 1 + ep2 ([~, T) B~ + ep3 (Is, T) B 2. (36) 

Now f r o m  the equations of mot ion we deduce 

p = 7 (x,, x~) + Zx3, (38) 

where  Y (xl, x2) is a ce r t a in  function of x i and x2, 2, = Dp/0x 3 = const,  and 

(ool, +- (39) 

The boundary condition provides  contiguity between the med ium and the su r face  of the cyl inder ,  i .e . ,  

v = O  on S 0. (40) 

The function ~3(I2, T) genera tes  s t r e s s e s  that di late (compress)  the fluid and, as  apparen t  f r o m  (37), 
does not af fec t  the ve loc i ty  d is t r ibut ion in the medium for  the analyzed r ec t i l i nea r  flows. The s t r e s s e s  
genera ted  by the function ~02(I2, T) mus t  be equalized by the vo lumet r i c  fo rces .  In the absence  of the la t ter  
i t  is r equ i red  to se t  ~02(I2, T) = 0 in o rde r  for  r ec t i l i nea r  mot ion of the type (32) to be possible .  

E x p r e s s i o n  (37) has the following implicat ion:  in the flows descr ibed  by re la t ions  (31) and (32) a non- 
l inear  v i scoe la s t i c  fluid in which the s t r e s s e s  a r e  de te rmined  by the s t r a in  and t e m p e r a t u r e  h i s to r i e s  has 
the s a m e  ve loc i ty  dis t r ibut ion as  a nonl inear  v iscous  fluid whose v i scos i ty  depends on the invar iant  12 and 
the t e m p e r a t u r e  T. 

As shown in [13], given fa i r ly  genera l  a s sumpt ions ,  p rob lem (37), (40), is  equivalent  to the p rob lem 
of min imiz ing  the functional 

I2 

1 (12, T(x 1, x~)) dI  2 + vdx:dx2, 

~ 0 a 

V/s. = O. 

Exis tence  and uniqueness conditions for  the genera l ized  solution of the invest igated p rob lem a r e  a lso  
es tabl i shed in the above-c i t ed  paper .  
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